The residual Z 
Introduction-The idea of residual symmetry [1, 2] in the lepton sector is based on the fact that fermion mixing comes from diagonalization of the corresponding mass matrix. If there is any symmetry that dictates the mixing pattern after fermion becomes massive, it has to be residual symmetry that survives symmetry breaking. Although fundamental lagrangian can be subject to some full flavor symmetries, the mixing matrix is not necessarily determined by them as full symmetries have to be broken for chiral fermions to acquire mass terms. There are other factors, such as VEV dictated by scalar coupling constants whose magnitude is not under the control of flavor symmetry. Yukawa coupling constant, especially its magnitude, is another instance. On the other hand, full flavor symmetry has to apply on SU (2) L doublet as a whole, in other words, equally for its two component fermions. If full flavor symmetry is not broken, the charged lepton and neutrino mass matrices are subject to a same symmetry, leading to a same mixing matrix. The physical mixing matrix becomes trivial in the absence of mismatch between the lepton and neutrino mixing matrices.
We can find analogies in electro-weak symmetry breaking (EWSB) for the above two arguments. First, the gauge bosons are predicted by gauge symmetry but the mixing between them is determined by the gauge coupling constants whose magnitude cannot be determined by the gauge symmetry. Instead, the gauge boson masses and the weak mixing angle are correlated by the so-called custodial symmetry [3] . Second, if gauge symmetry is not broken, no mixing between gauge bosons can be possible. In some sense, both residual and custodial symmetries serve as effective theories of the corresponding fundamental full symmetries at low energy.
Phenomenologically speaking, residual symmetry such as Z s 2 and Z s 2 can predict unique correlations between mixing angles and the Dirac CP phase [1, 2, 4] . Note that, only observable parameters are involved in this correlation which is also similar to the prediction of the custodial symmetry in EWSB between gauge boson masses and mixing. They can serve as a robust test of the symmetries behind them and can also predict the less precisely measured parameters with the others. Reversely, residual symmetries can be used to reconstruct the full flavor symmetry [5] in a bottom-up approach.
Since residual symmetry has been quite successful in the lepton sector [6] , it can be a natural generalization to the quark sector. Unlike the PMNS matrix [7] of lepton mixing where all three families are mixed with sizable amount, the quark mixing in the CKM matrix [8] happens mainly between the first two families. Of the two residual symmetries, Z µτ 2 and Z s 2 (Z s 2 ), the first determines the 1-3 and 2-3 mixing angles while the second constrains the 1-2 mixing angle. If Z µτ 2 can serve as residual symmetry for both up and down quarks, we denote it as Z 23 2 hereafter for generality since it interchanges the second and third generations, same 1-3 and 2-3 mixing angles appear in the up and down quark mixing matrices. In other words, there is no mismatch between 1-3 and 2-3 quark mixings, leading to tiny mixing between the third generation and the other two in the CKM matrix [9] . This success leads us to think about the possibility of generalizing and unifying the two residual Z 2 symmetries in both lepton and quark sectors.
Another relevant ingredient is the so-called quarklepton complementarity [10] that relates the quark and neutrino mixing angles at the leading order. If the residual symmetries in both sectors can be unified, the quarklepton complementarity becomes a natural consequence. This shows the power of residual Z 2 symmetries.
Residual Z 23 2
Symmetry-The oscillation-relevant part of the neutrino mixing matrix is the so-called PMNS matrix [7] . In the standard parametrization [11] , it takes the form as, V PMNS = ν 23 from being maximal indicates the extent of µ-τ symmetry breaking.
The µ and τ flavors interchange under the Z µτ 2 representation,
If the neutrino mass matrix is invariant under G 23 , the number of independent matrix elements can be reduced and the mixing parameters are constrained. There is a direct relation between horizontal symmetry transformation representation G i and the mixing matrix V ν [13] ,
where
and (2) is essentially the reconstruction formula of G i and we call d i the reconstruction kernel [1] . When viewed in the reversed way, the mixing matrix can diagonalize not only the mass matrix but also the horizontal symmetry transformation representation. For G 23 = G 3 (θ 13 = 0, θ 23 = 45
• ), it is enough to have a maximal 2-3 mixing to diagonalize it into d 3 = diag (1, 1, −1) . Further, there is degeneracy between the first two eigenvalues in d 3 , indicating a free 1-2 mixing. On the other hand, 1-3 mixing is not allowed. To be exact, the mixing matrix reads [1] ,
) is a diagonal rephasing matrix containing three Majorana (unphysical) CP phases for Majorana (Dirac) fermions.
Note that there is a counterpart of Q ν , denoted as P ν ≡ diag(e (4),
where (c q , s q ) ≡ (cos θ q 12 , sin θ q 12 ) with q being u or d for up and down quarks, respectively. Note that the rephasing matrices Q u and Q d , which do not have any physical parameters, have been removed for simplicity. As there is no intrinsic CP phase in two dimensional rotation, the phase δ α ≡ α 
We can see that θ
• in the CKM matrix is a direct consequence of applying the residual Z 23 2 symmetry to both up and down quarks simultaneously. With vanishing δ α , which is a reasonable situation for zerothorder mass matrix being real, (7) reduces to a much simpler form,
The tiny mixing between the third family and the other two can be treated as small perturbations.
Note that, the two complementarity conditions [10] ,
have already been obtained with a simple Z symmetry [1] whose generator is G 1 . Since the 1-3 and 2-3 mixing angles have been constrained to be 0
• and 45
• , respectively, for neutrino and quarks, G 1 has only one free parameter, the 1-2 mixing angle,
By using (13) to remove d 1 , the combination can be replaced by,
where n = 0, 1. Although there are four different G f 12
elements, only one degree of freedom, namely θ u 12 , is involved. Implementing (12) and (13) repeatedly, the first factor in (19) can be replaced with a single G f 12 element,
where i and j are integers. As long as θ u 12 is a rational ratio of 2π, the unified group is finite.
In common practice, we should also include d 1 and d 2 , which are needed to constrain the charged leptons within a diagonal basis, to reconstruct the full flavor symmetry. Nevertheless, we find it difficult to prove that the generated group is finite or not, although incorporating d 1 only is straightforward. So we decide to leave it as it is. After all, the residual symmetry in the charged lepton sector has many degrees of freedom. Further, the full symmetry needs not to be finite, not even discrete. The bottom-up approach can reconstruct the minimal part but may not the full symmetry. As long as the residual symmetry can dictate the mixing patterns, the role of flavor symmetry is fulfilled perfectly. The case of d 1 × d 2 we have been using in this paper is just a handy example to illustrate our main idea of generalizing and unifying the residual symmetries in both the lepton and quark sectors with the benefit of explaining the quarklepton complementarity. Like we have pointed out the importance of residual symmetries in our earlier works [1, 2] , without reconstructing the full flavor symmetry, we hope the current work can provide a new direction to move forward.
